Frames

Z transforms

Learning outcomes

When you have completed this Programme you will be able to:

e Define the Z transform of a sequence and derive transforms of
specified sequences

e Make reference to a table of standard Z transforms

e Recognise the Z transform as being a linear transform and so obtain
the transform of linear combinations of standard sequences

e Apply the first and second shift theorems, the translation theorem,
the initial and final value theorems and the derivative theorem

e Use partial fractions to derive the inverse transforms
e Solve linear, first-order, constant coefficient recurrence relations

e Demonstrate the relationship between the Laplace transform and
the Z transform

144
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Introduction

The Laplace transform deals with continuous functions and can be
used to solve many differential equations that arise in science and
engineering. There are occasions, however, when we have to deal with
discrete functions — sequences — and their associated difference
equations. For example, the central processing unit of your
computer can only handle information in the form of pulses of
electricity. This information transmission is called digital transmis-
sion. There are, however, times when information is fed into the
computer in the form of a continuously varying signal called an
analogue signal. For instance, a mouse can be moved about the flat
surface of your desk in a continuous manner but the central processing
unit will only recognise position on the screen to the nearest pixel.
The analogue signal coming from the mouse needs to be converted
into a digital signal for recognition by the computer’s central
processing unit. This conversion of a signal from analogue to digital
is achieved by a device called a demodulator that samples the
analogue signal at regular intervals of time and outputs the sampled
values as the digital signal — as a sequence of values. The Z transform,
which is allied to the Laplace transform, deals with such sequences
and the recurrence relations - or difference equations - that arise.

The sequence ..., 372, 371, 39, 3, 32, 33,... has a general term of the
form 3* and as a shorthand notation we use {3¥}*  to represent this
sequence and to indicate that the powers range from —oco to oo.
The sum

SO O

is called the Z transform of the sequence, Z{3¥}> , and is denoted
by F(z), where the complex number z is chosen to ensure that the sum
is finite. We say that

o] k
{3¥}°, and Z{3}" =F(z)= ) @) form a Z transform pair.

k=—o0
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For our purposes we shall consider only causal sequences of the form
{x}s where x; = O for k < 0 which for brevity we shall denote by {x:}
with corresponding Z transform

Z{ix}y=Fz)=) —.
{ k} ( ) ; 3
Notice that this is the definition of the Z transform of the sequence
{x«}. For example, the unit impulse sequence {6} = {1, 0, 0, 0,...} has
the Z transform
Z{}=eooiiii. valid for ............ values of z

Z{é} = 1 valid for all values of z

Because
Z{b6} = —
{6x} ;Zk
0 O
=1+—+—2+...=1
z Z
Try another.

The sequence {u} = {1, 1, 1,...} = {1} is called the unit step sequence
and has the Z transform

............ provided |z|............
Next frame
Z_ provided lz] > 1
z—-1 P
Because
Z{} = F(z)
[o] 00
N1
U U U U |
N 2tz st tat
Comparing this to the series expansion of - ! S =1+x+ P ST
which is valid for |x| < 1 then
F(z) = 1 1 provided 1' <1
1 z
z
=-2_ provided |z| > 1
=z-1?
And another.

Given the causal sequence {x} = {1, q, @%, a3, a*,...} = {a*}
the Z transform is ............
Next frame
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¥4
—— provided |z| > a
Z—a

Because
k

zZ{d"} =g%
=36

=1+§+(§)2+(§)3+...

Comparing this to the series expansion of =14+x+x24+x3+...

which is valid for |x| < 1 then

F@)=1+2+ (;)2+(§)3+...

1
1—x

@ provided E‘ <L

z

That is, multiplying numerator and denominator by z
z .
F(z) = 7—a provided |z| > |a|
z
z—d
Let’s try another. The sequence {x} = {0, 1, 2, 3, 4,...} = {k} has the
Z transform

Therefore {a*} and F(z) = (2| > |a|) form a Z transform pair.

Z{k}=F2)=..ccc.......
Answer in the next frame
1 2 3 4
F(Z)=E+?+z_3+?+"'
Because
Z{k} =F(z)
o
k=OZk
-y K
=ozk
—o+ly2,. 3,4,
Ttz 22 BT

By comparing this sequence with the derivative of (1 —x)™! and its
series representation, this sequence can be written as a rational
expressionin zas F(z) =............
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VA
Oy

Because
1 2 3 4
F(Z)—0+;+Z'—2+z—3+?+...

Comparing this with the series expansion

1+2x+3x2+4x3+---=%(1+x+x2+x3+~--)
d 1 1
=—1—x =
then we can see that by multiplying F(z) by z
2 3 4 1
ZF(Z)—1+E+E§+E§+"'—m
so, dividing both sides by z gives

1 z
Ko = a2~ oy

Next frame

Table of Z transforms

We list the results that we have obtained so far as well as some
additional ones for future reference.

Sequence Transform Permitted
F(z) values of z
{&}={1,0,0,...} 1 All values of z
z
{uk}={ll 1/ 1/} Z-1 'Z|>1
z
{k}={0, 1, 2, 3,...} (Z—_l_)z 'Z'>1
z(z+1
{k*}=1{0,1,4,9,...} hg) |z} > 1
z(Z2+4z+1
{kB} = {O, 1, 8, 27, } —(“(Z__F—)- ,Zl >1
z
{d}=1{1,4a,a% a3,...} “—a | > |a
az
{ka*} = {0, a, 242, 3a%,...} o’ |z| > |a]

Next frame
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Properties of Z transforms

1 Linearity

The Z transform is a linear transform. That is, if @ and b are constants
then

Z(a{x} + b{n}) = aZ{x} + bZ{y}

For example, the Z transform of the sequence {k}is Z{k} =............
and the Z transform of the sequence {e~%*}is Z{e*} =............

Zk} =— e_z

zZ{ky =—2
(z—

Because

Z{k} = @ 1) ——— from the table and, also from the table,
Z{a*} = Z——— so when a = ¢72,
Z{ —Zk} .

Consequently, the Z transform of 3{k} — 5{e 2%} is............

ze—Z

—523 +132%2 — z(3¢72 + 5)
(z-1)*z-e?)

Because
Z(3{k} — 5{e*}) =3Z{k} — 5Z{e"*}
3z Sz
T@z-1? (@-e?)
32( —e 2) 5z(z — 1)*

(z-1)*(z—e2)

322 —3z¢72 - 52 + 1022 —
(z-1)*(z~e?)

=523 41322 — 2(3e72 + 5)

- 1)z-e?)
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2 First shift theorem (shifting to the left)
If Z{xx} = F(z) then
Z{Xgym} = Z"F(z) — [ZmXo +Z2% 4.+ me—l]

is the Z transform of the sequence that has been shifted by m places to
the left. For example

Z{xgs1} = zF(2) — zxp
Z{xx2} = 22F(2) — 22x0 — 211

These will be used later when solving difference equations. Note the
similarity between these results and the Laplace transforms for the first
and second derivatives for continuous functions.

For example, given that Z{4¥} = z—f_i then

Z{4B =

64z
z—4

Because
Z{xkym} = Z"F(z) — [2"%0 + 2™ a1 + ...+ ZXm1 ]
S0

Z{4"3) = PZ{4F} - [4° + 2241 + 4] where Z{4"} ="
3 Z
=z

i [2 + 42% + 162]

7
=-Z——4_ [ZS+4ZZ+162]

- (22 +422+162)(z—4)

z—-4
_z4—(z4—64z)
- z—4
_ 64z
T z—4

In this way we have derived the Z transform of the sequence
{64, 256, 1024, ...} by shifting the sequence {1, 4, 16, 64, 256, ...}
three places to the left and losing the first three terms.

z

- 1)2 then

Try another. Given that Z{k} =
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72

(z- 1)

Because
Z{xxm} = Z"F(z) — [2"%0 + 2" %1 + ... + ZXp1]
SO

z
Z{k+1}=ZW—[ZXO]

72

(z~1)*

3 Second shift theorem (shifting to the right)
If Z{xx} = F(z) then
Z{xx-m} = 2 "F(2)

the Z transform of the sequence that has been shifted by m places to
the right.

For example, given that Z{x;} = -Zf—l then

Z{xXg3}=.coooiin..
1
72(z—1)
Because
Z{xk—m} = 27"F(2)
SO
_,3_Z
Z{xx 3} =2z P
_ 1
T 22(z-1)

In this way we have derived the Z transform of the sequence
{0,0,0,1, 1, 1,...} by shifting the sequence {1,1,1,1,...} three
places to the right and defining the first three terms as zeros.

Try this one. The sequence {x;} with Z transform

Z{xx} = , where a is a constant, is {............ }

1
z-a
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(@)

Because

From the table of transforms the nearest transform to the one in

question is which is the Z transform of{a*}. Now

z
(z—a)
1 1 z
G-a) z (z-a
=2z"'F(z) where F(z) = Z{d"}
and so
1
(z—a)

which is the Z transform of {a*}, shifted one place to the right.

=z{d1}

4 Translation

If the sequence {x} has the Z transform Z{x} =F(z) then the
sequence {gkx;} has the Z transform Z{a*x} = F(a~'z).

For example, Z{k} = E—z—l-)—z so that Z{2¥k} =............
Z —

2z
(z-2)

Because
Since Z{k} = (—Z'l_)z = F(z) then by the translation property
z

Z{2*k} =F(27'2)
271z
(2-1z-1)°

2z
T (z-2)
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5 Final value theorem

For the sequence {x;} with Z transform F(z)
Lim xx = Lim { <E—_—1> F(z)} provided that Lim xi exists.
k—o0 z—1 Z k—o00

For example, the sequence { (%)k} has the Z transform

z 2z
o= "m-1
Now
, z—1 e f2(z—-1))
wim{ (7)o} =tim{Z=} =0
and

k—00

k
Lim { (%) } = 0 which confirms the final value theorem.

Using the final value theorem the final value of the sequence with the

Z transform
2
F(z) = 1()2—4-227 i .ooiinls
(z—-1)(5z-1)
0-75
Because
— _ 2
Lim{(z 1)F(z)} — Lim (z 1) 10z° + 2z ;
21 z z-1 z J(z—1(5z-1)
= Lim _1_02_4'_22
-1 | (5z—1)
_12
16
=075

6 The initial value theorem

For the sequence {xx} with Z transform F(z)
x9 = Lim {F(z)}

Z—00

For example, the sequence {a*} has the Z transform F(z) = }%‘— and

LimF(z) = Lim—— = Lim1 =1 by L’Hopital’s rule. Furthermore

Z—00 Z—00 Z—00 1

xo = a° = 1 so demonstrating the validity of the theorem.
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7 The derivative of the transform
If Z{xx} = F(z) then —zF'(z) = Z{kxx}

This is easily proved.

oo , 00 L 1™ ~
F(z) = kz_;xkz"‘ and so F'(z) = ;xk(—k)z k-1 —E;xkkz k

1
and so — zF'(z) = Z{kxx}
For example, the sequence {a*} has the Z transform F(z) = ﬁ and

so the sequence {ka*} has Z transform
Z{kxx} = —zF'(Z) = .nnnn..

Z{kou} = #

Because

VA 7 —_— —_
—zF’(z):—z(——)=—-z z—a 2z __az ;
z—a (z—a) (z—a)
Notice that this is in agreement with the Table of transforms in
Frame 8.

Next frame

Inverse transforms

If the sequence {x} has Z transform Z{xx} =F(z), the inverse
transform is defined as

Z7'F(2) = {x}

There are many times when, given the Z transform of a sequence, it is
not possible to immediately read off the sequence from the Table of
transforms. Instead some manipulation may be required and, as with
Laplace transforms, very often this involves using partial fractions.

Example
4 .
The sequence {xx} has Z transform F(z) =2 5576 To find the

inverse transform, and hence the sequence, we recognise that the
denominator can be factorised and separated into partial fractions as
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Fz) :_%—z—z-z
Because
z
F() “Z_57+6
_ z
T (z-2)(z-3)
A B
=7z—2tz_3
_A(z-3)+B(z-2)
T (z-2)(z-3)

Equating numerators gives z =A(z— 3) +B(z—-2), giving A+ B=1
and —3A — 2B = 0. From these two equations we find that A = —2 and
B=3.S0

Fo) =3 2

z-3 z-2
The nearest Z transform in the table to either of these two partial

fractions is Z{a*} = p f - Therefore if we write
3 2
Fo=7"377=3
—éx z 2 z
Tz z-3 z z-2
SO
ZWF@) =
Z7'F(z) = {3F - 2%}
Because
3 z 2 z
F(z):Exz—3_Exz—2
=3 x2z1Z{3"} -2 x z71z{2%}
and so

Z7'F(z) = 3 x {3*1} — 2 x {2¥1} by the second shift theorem
=3 - {2
= {3k - 2%} giving x, = 3% — 2
There is a simpler way of doing this without employing the second
shift theorem. Recognising that z appears in the numerator of F(z), we

consider instead the partial fraction breakdown of F~(ZZ—)
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1 1
z-3 z-2
Because
Fo) 1,z
z z z22-5z+6

_ 1

T z22-5z+6

_ 1

T Z-2)z-3)

_A B

" z-2 z-3

_A(z—-3)+B(z-2)

T E-2)(z-3)
Equating numerators gives 1 = A(z — 3) + B(z — 2), giving
[z]: A+B=0

[CT]: —3A —2B =1 with solution A = —1 and B = 1. So that

Fz 1 1 .

“z T z-3 z—Zthatls
z z

@) =z—3_z—2

= Z{3%} — Z{2k} and so
Z7'F(z) = {3k} — {2¥}
- (3r- 2
Thus the use of the second shift theorem is avoided.

So try one yourself. The sequence {xx} has Z transform

Sz
(22— 4z+4)(z+2)

therefore {x} =............

F(z) =
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o = {5 (2 27}

Because
o) _1, Sz
z  z (2-4z+4)(z+2)
_ 5
(2-2)%(z+2)
A B C

=(z_z)2+z—2+z+2

_A(z+2)+B(z—2)(z+2) +C(z - 2)°
(z—2)%(z+2)
Equating numerators gives 5 =A(z+2) + B(z?> — 4) + C(z2 — 4z + 4),

giving
[22]: B+C=0
[z]: A-4C=0

[CT]: 2A—-4B+4C=35
with solution A =5/4, B= —5/16 and C = 5/16, so
Fz) 5/4 5/16 5/16
z (z-2) z—2 z+2
2z S z S

z
———-—(z_z)z—ﬁxz———_z+ﬁx—+z and so

Z7'F(z) = % x {k2¥} — 16 x {2k} + {( 2) }
= {136 [(zk- 12K + (-2) ]}

giving

F(z) =%x

Next frame

Recurrence relations

Sometimes adjacent terms of a sequence are related to each other. For
example the terms of the sequence

{x} = {2}
are such that xz,; = 2¥t1 = 2 x 2K = 2x;. That is
Xkl = 2%k

This equation holds true for all adjacent terms of the sequence — it
recurs for all values of k. The equation is called a linear, first-order,
constant coefficient recurrence relation. The order of the
equation is given by the maximum shift between related terms — here
it is 1. Clearly, the recurrence relation

Xgio —Xkp1 — Xk =1lisof order ............
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Because

The maximum shift between terms in the relation is 2 — that is from
k to k+ 2.

Initial terms

A recurrence relation can be used to generate the terms of a sequence
provided initial terms are given - equal in number to the order of the
equation. For example, given the sequence {x;} where xx; = 3x; with
the initial term xo = 2 generates the sequence of terms

=12, .oy oeey ey )

{0} =1{2, 6, 18,54, ...}

Because
Since xx,1 = 3xx where xo = 2 then
X1=3x%=3x2=6
X2=3x1=3x6=18
x3=3x=3x18=>54

Similarly, if another sequence has terms that satisfy the second-order
recurrence relation

Xxp2 — 3Xky1 +2x = 1 where xp =0 and x; = 1
then the first five terms of the sequence are
{a}={0,1, ..., ..., ..., ...}

{x)=1{0,1, 4,11, 26, ...}

Because
Since xx12 — 3xx41 + 2x¢ = 1 where xo = 0 and x; = 1 then
Xo—3x1+2xg=1thatisx; —3x1+2x0=1 andsox; =4

X3—3x3+2x; =1thatisx3—3x4+2x1=1 andsox3=11
x4 —3x3+2xy=1thatisxs —3x11+2x4=1and so x4 =26

Try another yourself.

The sequence {x;} has terms that satisfy the second-order recurrence
relation

X2 — X = 1 where xo =0 and x; = -1

The first six terms of this sequence are
{my={0, -1, ..., ..., ..., ..., .}




Z transforms 159

{Xk} = {Or -1,1,0, 2, 1, }

Because

Since xg,2 — X = 1 where xo = 0 and x; = —1 then
Xy —Xo=1thatisx; —O0=1andsox; =1
x3—Xx31=1thatisxs+1=1and sox3=0
Xx4—xy=1thatisxy—1=1and soxs =2
Xs—x3=1thatisxs—O0O=1andsoxs=1

Therefore {xx}={0, —1,1,0,2,1, ...}

Next frame

Solving the recurrence relation

If a sequence {x;} satisfies a recurrence relation with given initial
conditions then the general term of the sequence can be found by
using the Z transform where Z{x;} = F(z). This is referred to as solving
the recurrence relation. For example, solve the recurrence relation

Xg+o — 3xke1 +2xx =1 where xp =0 and x; =1

Because this recurrence relation is true for all values of k it can itself be
used to form a sequence {yx}, namely

i} = {2 — 3% + 243 = {1}

Now, taking the Z transform of both sides of this equation gives
Z{yk} =Z{Xx12 — 3Xk41 + 2x¢} = Z{l} that is
Z{xx2} — 3Z{xki1} + 2{x} = Z{1}

Using the first shift theorem and Z{x;} = F(z) this then becomes

(22F(2) — 2%x0 — zx1) — 3(zF(2) — zx0) + 2F(z) = ZL

-1

Collecting like terms and substituting for the initial terms xo = 0 and
x; =1 gives

(2 -32+2)F(z) —z= z so(zz—32+2Fz—z+—z _Z

z-1 JE(2) = z—-1 z-1

That is F(z) z 2

atis F(z) = =

(z-1)(22-3z+2) (z—1)*(z-2)

and so Fz) _ z

z  (z-1)*(z-2)
This has the partial fraction breakdown

F(z) ...... ... ...
7_(2_1)2 s
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F(z) 1 2 2
7=_(z_1)2_z—1+z—2
Because
F(z) z
. (z-1@E-2)

A B C
2(2_1)2+z—1+z—2
_A(z—2)+B(z-1)(z—2) +C(z— 1)
B (z-1)*(z—2)

and so

z=A(z—2)+B(z - 1)(z— 2) + C(z — 1)? giving

[2%]: B+C=0

[21]: A-3B-2C=1

[CT]: -2A+2B+C=0

with solutionA=-1,B=-2and C=2
Therefore

Fg_ 1 2 2
z  (z-1? z—-1 z-2

Taking the inverse Z transform of F(z) yields the sequence
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Z7'F(z) = {-k — 2+ 2¢1}

Because
PE:— ! 5= 2 + 2 and so
z (z-1) z—1 z-2
z 2z 2z
F(Z)—_(Z_1)2_2—1+z—z
Therefore

7o =2 ((z - 1)2) -2 (5) v 227 (55)

{—k—2x+2(25)}
={-k-2+2""} since i =1

Indeed, {x}={-k—2+2%1} is the solution to the recurrence
relation as can be seen by substituting back

X2 — Xk + 2%
— (—[k +2] -2+ zlk+21+l) -3 (—[k +1]-2+ zlk+11+1)
+2(—k — 2+ 2K1)
=(-k—4+8x2%) —3(-k-3+4x2 +2(-k—2+2x2"
=—k—4+8x2X+3k+9-12x2K-2k—4+4x2*
=1
Try one yourself.
The solution of the second-order recurrence relation

Xki2 —Xk=1 wherexo=0and x; = -1lisx=............

o = k/2 k even
¥~ 1(&=3)/2 kodd

Because
Taking the Z transform of the recurrence relation gives
Z{Xxy2 — X} = Z{1}. That is, Z{xx,2} — Z{x} = Z{1} so that

(22F(2) — 2*x0 — zx1) — F(2) = zf T

Substituting for xo = 0 and x; = —1 gives
Fz)y=............
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—z+2

= -1

Because

(22F(z) — 2*x0 — zx1) — F(z) = }%I where xo = 0 and x; = —1 giving

(zz—l)F(z)+z=Z_1so
VA VA
FO=—ne—n @-1n ®
F(z) 1 ~ 1
z  (z+1)(z-1?% (+1(z-1)
1-(z—1)
C(z+1)(z-1)7?

. —z+2
(z+1)(z— 1)
Separating into partial fractions gives

@_g z _3 z +1 z
z  4z+1 4z-1 2(z-1)

Because
F(z) —z+2
z  (z+1)(z-1)?

__A 4 B 4 C
z+1 z-1 (z—1)>?
_A(z-1)?+B(z+1)(z-1)+C(z+1)
B (z+1)(z—1)
Equating numerators and comparing coefficients of powers of z gives

[z2): A+B=0

[z]: —2A+C=-1

[CT]: A—-B+ C=2with solution A =3/4,B=-3/4and C=1/2
3z 3 z +1 z

S 4z+1 4z-1 2(z-1)?

so that F(z)

By inverting the transform we find that
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Y — k/2 k even
¥~ 1 (k-3)/2 kodd
Because
F(z)=§ z 3 z 1 z

4z+1 4z-1 2(_1)

and

Z—l{zf_ 1} = {(—1)’<} SO Z_l{(3/4)z4z- 1} _ (3/4){(_1)7(}
z{Z5} = (1) s0 2 {(-3/4) 2=} = (-3/9{1%}

z—1 z—1

{2t -w oz fun o) amm

Therefore {x} = {(3 /8)(~1)k — (3/4) + (k/Z)}
k/2 k even
(k—3)/2 kodd

so that x; = {
Next frame

Sampling

If a continuous function f(t) of time t progresses from t = 0 onwards
and is measured at every time interval T then what will result is the
sequence of values

{f(kT)} = {f(0), F(T), f(2T), f3T),.-.}

A new, piecewise continuous function f*(t) can then be created from
the sequence of sampled values such that

F(t) = {G(kT) if t =kT

otherwise

The graph of this new function consists of a series of spikes at the
regular intervals t = kT

(0

\

SN §

T 2T 3T nT
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This function can alternatively be described in terms of the delta
function §(t) as

FA(b) = FO)8(t) + F(T)6(t — T) + F(2T)S(t — 2T) + FBT)5(t — 3T) + ...
= > f(KD)(t —KT)
pay
The Laplace transform of f*(t) is then given as
F'(s) = L{f*(8))
- L (FO)5(t) + F(T)S(t — T) + F2T)8(t — 2T) +.. Je~ dt
=£(0) +f(T)e™*T + f(2T)e T + f(3T)e™>T +
= SO FT)eHT
pary
Define a new variable z = ¢T and we see that

Lp@) =Y ranzt =3 IE0

k=0
which is the Z transform of the sequence{f(kT)}.

Example 1
The function f(t) = e~ is sampled every interval of T.

The Z transform of the sampled function is then ............

z

F2) = ——r

Because

Defining f*(t) = %o F(KT)6(t — kKT) = 320 e~ *T§(t — kT) then the
Laplace transform of f*(t) is given as

F*(S) Z e—kaT —ksT

This means that the Z transform of {f(kT)} is

X, g—kal 1 z
F(z): = =
Z k —aT _eal
= Z l_e‘z z—e
z

Notice that this agrees with the Z transform of the sequence {b*}
(Wthh is L) when b is replaced by e=%T

Try another.

Example 2
The function f(t) = t is sampled every interval of T.

The Z transform of the sampled function is then ............
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Tz

=y

Because

The Z transform of {f(kT)} is F(z) =if—(§kD Here f(kT) =kT

k=0
and so
X kT
Fz)=3 —
pary)
1 2 3
—T(E+z—2+z—3+...>
=I(1+Zz_1+32_2+4z‘3+...)
VA
=—Tz§z-(1+z‘1+z‘z+z‘3+...}
d nN?t'rT N? Tz
-5 (13) ~203) e
Example 3

The function f(t) = cost is sampled every interval of T.

The Z transform of the sampled function is then ............

_ z(z—cosT)
F@) T 722-2cosT+1

Because
iT 4 ¢—iT
f(t) =cost = e_ize_ and the Z transform of {e™*T} is
F@) = —=r

eil + T
Therefore the Z transform of — is
1/, z z 1(z(z—eT) +z(z—eT)
2 (z —eT "z~ eiT) 2 ( (z—eTT)(z—elT) )
1 ( 222 — z(e/T + ¢7IT) )
2\z22 - [eT +eiT]z+1
_ z(z—cosT)
T Z22-2zcosT+1
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And that is the end of the Programme on Z transforms. All that remain
are the Revision summary and the Can You? checklist. Read
through these closely and make sure that you understand all the
workings of this Programme. Then try the Test exercise; there is no
need to hurry, take your time and work through the questions
carefully. The Further problems then provide a valuable collection
of additional exercises for you to try.

% Revision summary 5
1 Sequences
The sequence ..., x_3, x_1, X0, X1, X2,... is represented by the
notation {x}%_. The sequence {x}; is called a causal sequence
and is denoted simply by {x}.

2 Z transform
The Z transform of the causal sequence {x;} is

o0
Z{x} = Z(X—:) = F(z) where the value of z is chosen to
z
k=0 ensure that the sum converges.
{xx} and Z{x} form a Z transform pair.

3 Table of Z transforms

Sequence Transform Permitted
F(z) values of z
{&}=1{1,0,0,...} 1 All values of z
xp={1,11,...} z—z-l lz| > 1
z
{k}z{ol 1,2, 3'} m 'Z‘>1
z(z+1
{k}={0,1,4,9,..} (i_ 1)3 z| > 1
z(z2+4z+1
{¥}={0,1,8,27,...} ﬁ((z—_f)z—l lz| > 1
z
{a} ={1,4a, 4% a3 ..} CaT) |z| > |a|
az
{kak} = {O, a, 2a2' 3a3’ . .} E;_—a)—z Izl > Ial

4 Linearity
The Z transform is a linear transform. That is, if a and b are
constants then

Z(a{xx} + b{y}) = aZ{xx} + bZ{y«}.
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10

11

12

First shift theorem (shifting to the left)
If Z{xx} = F(z) then

Z{xym} = 2"F(2) — [Z™X0 + 2" X1 + ... + ZXm_1]

the Z transform of the sequence that has been shifted by m places
to the left.

Second shift theorem (shifting to the right)
If Z{x} = F(2) then

Z{xg-m} =2""F(2)

the Z transform of the sequence that has been shifted by m places
to the right.

Translation
If the sequence {x} has the Z transform Z{xz} = F(z) then the
sequence {ax} has the Z transform Z{a*x} =F(a~'z).

Final value theorem
For the sequence {xx} with Z transform F(z)

Lim xy = Lim { (-Z_TI)F (z)} provided that Lim x; exists.
k—o0 z—1 k—oo

The initial value theorem

For the sequence {xx} with Z transform F(z)

xo = Lim {F(z)}.

The derivative of the transform

If Z{x} = F(z) then —zF'(z) = Z{kxt}.

Inverse transformations

If the sequence {x} has Z transform Z{x} = F(z), the inverse
transform is defined as

Z_IF(Z) = {Xk}.

Recurrence relations

A recurrence relation expresses the relationship that adjacent
terms of a series hold to each other. The order of the equation is
given by the maximum shift between related terms.

Initial terms

A recurrence relation can be used to generate the terms of a
sequence provided initial terms are given — equal in number to the
order of the equation.

Solving the recurrence relation
If a sequence {x;} satisfies a recurrence relation with given initial
conditions then the general term of the sequence can be found by
using the Z transform where Z{x;} = F(z). This is referred to as
solving the recurrence relation.

167
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13 Sampling
If a continuous function f(t) is sampled at equal intervals, the
resulting sequence has a Z transform that is related to the Laplace
transform of the piecewise function created from the sequence of
sample values.

L0y =Y ren)z* =3 LD _ 7 ery

k=0 k=0
where
{f(kT)} ={f(0), F(T), f2T), f(3T), ...},
Fro = {g(kT) z)ftltlerv’:ise
and
z=¢eT.

¥4 Can You?

Checklist 5
Check this list before and after you try the end of Programme ftest.

On a scale of 1 to 5 how confident are you that Frames
you can:

e Define the Z transform of a sequence and derive
transforms of specified sequences?

Yes O O ] J ] No
o Make reference to a table of standard Z transforms?

Yes O 0O 0O O 0O No

e Recognise the Z transform as being a linear transform
and so obtain the transform of linear combinations of
standard sequences?

Yes O O O O O No

e Apply the first and second shift theorems, the
translation theorem, the initial and final value
theorems and the derivative theorem?

Yess [0 [J O O O No
e Use partial fractions to derive the inverse transforms?

Yes O ] ] O ] No
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e Solve linear, constant coefficient recurrence relations?
Yes O O | O O No

o Demonstrate the relationship between the Laplace
transform and the Z transform?

Yes [ OO 0O 0O [ No

Test exercise 5

Find the Z transform of the causal sequence {x;} where x; = (—1).
Find the Z transform of the causal sequence {x;} where x; = 4k — 2a*.

3 Find the Z transform of the causal sequences:

(@ {k-3}
(b) { 5k+2}
4 TFind the inverse Z transformation of
2(7 _
F(z) = z%(z - 3)

(22-2z+1)(z-2)"
§ Solve the recurrence relation
Xxi2 — 4Xgy1 + 4xx = 3 where xg =1 and x; = 0.

6 The function f(t) = sint is sampled at equal intervals of t = T. Find the
Z transform of the resulting sequence of values.

Further problems 5

1 Find the Z transform of the causal sequence {Xx} where x; = (—a)¥
where a > 0.

2 Solve each of the following recurrence relations.

(@) Xg+2 + 5xke1 +6xx =1 where xo =0 and x; =1
(b) 3xg42 — 7Xxy1 + 2% = k where xp =1 and x; =0
(C) X4z — 9xx = 2k where xp = 1 and x; = 1.
3 Given that yiy1 =w and gy =Wy where Wi = Xx — )k, show that

Vi+2 + Yk = xx and solve for yx when {x} = {6}, the unit impulse
sequence where yo =0, y; = 1.
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4

If

Pr+1 = Gk
qrk+1 =Tk

v = Xx — aqx — Bpx where a and S are constants, show that

DPrr2 + aPr1 + BPx = X

Solve this recurrence relation when po = 1, p; = 0 for

(@ a=4, =4 and {x} = {6}, the unit impulse sequence

(b) =4, =4 and {x} = {uk} the unit step sequence.

Find the Z transform of each of the following sequences.

@ {1,0,1,0,1,0,...}

®) {0,1,0,1,0,1,...}

© {1,0,1,1,0,0,0, 1}

@ {1,1,1,00,0,1,1}

@ {0,0,0,1,1,1,0,0,0, 1, 1}
® {1,1,0,0,0,1, 1}

Note that the last four of these are finite sequences.

Find the inverse transform of
@ F&) =39 er 2)(z+3)
® Fo) =77 1)(2122)(2 +3)
© FO) = g

) F(z) = #sz

Given

show that

ZF(z)={3,3, -3, -3,...}.

Hint: Use long division on F(z).

Given
2 _3
F (Z) = (1 + E)
show that

Z'F(z)={1, — 6,24, —48,...}.

Hint: Use the binomial theorem on F(z).
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9 Find the final value of the sequence {x;} with Z transform

472 -z
Fz) = 222 -3z+1°
10 What is the initial value of the sequence whose Z transform is given by
222 —z+1
Fo) =537

11 Given the sequence of n terms {x;} for 0 < k <n — 1 with Z transform
Fu(z), show that the Z transform of the sequence formed by continually
repeating the terms {x;} is given as

Fn(2)

1—-zn

12 Using the result of Question 11, show that the Z transform of the
sequence obtained by continually repeating the three term sequence
{1,0, —1}is

72

2+1°

13 Find the Z transforms of the sequence of values obtained when f(t) is
sampled at regular intervals of t = T where
(@) f(f) =sinht
(b) f(t) = coshat
(© f(t) =e ™ coshbt.

F(z) =

F(z) =




